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Dynamics of a Flexible Cylinder in Subsonic Axial Flow

Michael P. Paidoussis* and Martin Ostoja-Starzewskit
McGill University, Montreal, Québec, Canada

This paper examines the dynamics of a flexible cylinder with pinned ends immersed in axial subsonic flow,
either bounded or unconfined. The problem proves to be surprisingly resistant to exact solution, as compared to
the incompressible flow case, because of difficulties in determining precisely the inviscid aerodynamic forces.
This paper presents a number of distinct formulations of these forces, involving different approximations: 1) a
slender-body approximation; 2) an approximate three-dimensional formulation where, in the determination of
the aerodynamic forces, the axial mode shape is prescribed in advance; and 3) an ‘‘exact’’ integral formulation
of the generalized aerodynamic forces. In each case, Galerkin-type solutions yield the system eigenfrequencies
which describe the dynamical behavior of the system. It is found that for sufficiently high flow velocities,
divergence and flutter are possible. The different methods yield similar, but not quantitatively identical results,
Interestingly, dependence of the dynamical characteristics on Mach number is shown to be weak for slender
cylinders; for nonslender ones, it is stronger. Finally, a brief discussion of wave propagation in an unconstrained
cylinder indicates the existence of a cutoff flow velocity for backward propagating waves, followed by wave
amplification at higher flow, which is closely related to loss of stability in the constrained system.

I. Introduction

HE dynamics of a slender flexible cylinder in in-

compressible axial flow have been studied rather
thoroughly!? and, recently, theoretical and experimental
study has been extended to deal with clusters of cylinders (for
example, Ref. 4). Apart from their inherent interest, these
studies are of interest to those concerned with flow-induced
vibrations of heat-exchanger tubes and nuclear reactor fuel
rods.

The present study was initiated in an attempt to explain why
the behavior of a cylinder in single-phase flow, as observed in
experiments conducted in water, was so radically different
from that in two-phase (gas-liquid) flow, as discussed in Refs.
5 and 6. Suffice it to say here that theory predicts that these
instabilities should occur for both single-phase and
homogeneous incompressible two-phase flows; in the ex-
periments, however, the instabilities were observed to occur
only in single-phase flow and were totally absent in two-phase
flows. Of course, two-phase flow is anything but in-
compressible; hence, the motivation of this study to examine
the effect of compressibility on the dynamical behavior of the
system. In this connection, it should be recalled that the sonic
speed in two-phase mixtures can easily be one-tenth the sonic
speed in either the liquid or the gas, and as low as one-fiftieth
at low pressures’; this is because the two-phase mixture
essentially has the massiveness of the liquid and com-
pressibility of the gas.

Although this was the initial motivation for this study, the
problem was quickly generalized so that what is presented
here is a study of the dynamical behavior of a cylinder sub-
jected to a subsonic axial flow, irrespective of whether the
fluid is a gas or a homogeneous flow model of a two-phase
mixture. Also, since all previous studies!* obtained the
aerodynamic forces by the slender-body approximation, the
scope of this work was extended to attempt the formulation of
these forces by three-dimensional flow theory, which proved
to be less straightforward than anticipated.
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This paper presents various approaches to dealing with the
problem. First, the problem is analyzed by the slender-body
approximation. Then, an approximate three-dimensional
theory is presented, followed by a more general integral
approach, based on Dowell’s®? generalized-force for-
mulation. In all cases, the cylinder extremities are supposed to
be pinned (simply supported), except when discussing wave
propagation, when the cylinder is free of end constraints. The
flow is generally considered to be bounded by an external
rigid channel, as shown in Fig. 1. It is further supposed that
the flexible cylinder is attached to rigid, but otherwise
identical, semi-infinite cylinders extending over —oo<x=<0
and L =x < o for analytical convenience.

II. Equation of Motion

The equation of small lateral motions of a cylinder in axial
flow will not be derived here in full detail, since it can be
found in Ref. 3. Modeling the cylinder as an Euler-Bernoulli
beam of flexural rigidity EI, radius a, length L, cross-
sectional area 4, and mass per unit length m, and considering
small lateral motions v(x,f) in an arbitrary (r,x) plane, an
element éx of the cylinder will be subjected to the following
forces:

EI(3%v/3x%)éx: flexural restoring force

Fox: lateral inviscid aero-
dynamic force

F\bx: normal viscous aero-
dynamic force

F,éx: longitudinal viscous

aerodynamic force

lateral force due to tension
T on the cylinder and to
fluid pressure p

inertial force

(8/9x) [(T+pA) (dv/dx) ]:

m(d?v/ot?):

Taking force and moment balances about the element 8x, it
is easy to obtain the equation

‘v a v
EI +F,+F ——[ T+pA ——-—]
ax* ATIN T ax (T+pA) ax
a a?
R P, "

ax ar?
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Fig. 1 Flexible slender eylinder in bounded axial flow.

where it is noted that internal dissipation in the material of the
cylinder is not considered, for simplicity. The determination
of the force F, is considered to be the main concern of this
paper, as will be discussed in the sections to follow. The other
forces are considered to be unaffected by fluid compressibility
and are given as follows.

The viscous forces are approximated by expressions first
proposed by Taylor®101! for cylinders inclined to the flow.
They are given by

1 v v i
o e [(2 02
nEPPUC (G U ) Y

1
F, = 5pDUC, @)

where p is the fluid density, U the flow velocity, C, the
frictional coefficient, and D the cylinder diameter.

The form of the tension and pressure forces depends on
whether one supposes the downstream end to be axially
constrained or not. Assuming the latter, tension forces can
only arise by the cumulative effect of F, along the length.
According to the simplifying assumptions of Ref. 3, one
obtains

3 ap 1 D
O (T+pAy+F,— L 4=0, 4L =2 DU?C<—~)
ax TP A= ax 2P77 T\ D,

3)

where D,, is the hydraulic diameter of the channel flow, and
where gravity effects have been neglected.

By substituting Eqgs. (2) and (3) into Eq. (1), the equation of
small lateral motions is obtained

0% kL puc (1+ D )(L ) 22
AT PPN p, ax2

El —
ax*

1 DN v I v v
+—DU2C<1 ——)-——- -pDUC,— =
2PPUCNIF ) 55 + 3PPUCr 5 e =0
@
subject to the boundary conditions
d%v
v(0,t) =v(L,t) =0, - =0 )
0x x=0,L

According to the slender-body approximation for an in-
. compressible  fluid, F,=M,[(8%v/8t?) +2U(3?v/3xdt)
+U2?(0%2v/9x?)], where M, is the virtual (or

It is noted that this is simplified vis-a-vis that of Ref. 3 by
neglecting the viscous force associated with U=0.
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“hydrodynamic’’) mass of the fluid; for unconfined flow
M), =pA, whereas for bounded flow,>* M, >pA. In Secs. III,
IV, and V, F, will be determined by different methods and
the equations will then be solved in each case. Before doing
so, Egs. (4) and (5) will be nondimensionalized by use of the
following parameters:

X v _ pA
E=p 1= B_pA+m
EI vt _FAL3 pA }V’
4 _{pA+m] p Ja= g u—{ B
D L L
= — ==, =—C
h D,’ ¢ D 2a < T 7 ©
leading to
64"7 1 2 —6277
5 + 4= Veecu? (1+h) (1) a2
an w. On a7
+1/zecfu2(l+/1)“a?'*'%"ecfﬁ/u_a}_-'_(l—ﬁ) ar? =0
@)
subject to
a2y a2y
7(0,7) =n(l,7) = FYE] =0 AE2 le=1 =0 ®

HI. Slender-Body Approximation

According to slender-body theory, the forces on each
element of the cylinder may be determined as if that element
were part of an infinitely long, rigid cylinder. Hence, one may
treat the problem in a much simplified way, because the axial
mode shape of the cylinder does not influence the virtual mass
of the fluid.

The inviscid aerodynamic forces may be obtained with the
aid of the velocity potential

¢p=Ux+¢’ ®

where the perturbation potential, ¢’(r,8,f), due to small
motions of the cylinder, must satisfy

18"
c? 912

v’ =0 (10)

where ¢ is the sonic velocity. This equation must be solved
subject to the boundary conditions

o’ : |
% r=R =0 for —c<x<® an
and
39’ v v
ar. lr=a —['ta_t'*'U‘a;]COSO for 0=x=<L
(12)
=0 for x<0 and x>L
The perturbation pressure p’, due to ¢, is given by
D¢’ do’ 3¢’
= =P\ o U—) 13
g ? Dt p at + ox ( )
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Fig. 2 Argand diagram of the complex frequencies, w, of the lowest
two modes of a pinned-pinned cylinder in bounded compressible flow
with the dimensionless flow velocity u# as parameter. Results by
slender-body approximation. System parameters $=0.1, ec;=0.5,
h=1.5.

and the force on the cylinder in the r direction is given by
2%
F,= So p acosfde (14)

Assuming now separable solutions
¢’ (1,0,0) =B(r)6(0)e™

it is easy to deduce from Eq. (12) that ©(6) =cosf, and the
expression for F, is found to be

g B@ (o
Fa= pAaB'(a) (6!+Uax)u (15)

The expression for B(a)/B’(a) may be found by substituting
into Eq. (10), from which one obtains a Bessel equation by
changing variables from rto r* = Ar, where
N=Qa/c (16)
is a reduced frequency. This leads to
B(r*) =c, H{ (\r) +c,H? (Nr)
where H} and H? are Hankel functions of the first and second

kind. Finally, applying boundary conditions (11) and (12),
one finds

_ —B(a)
X= 4B (a)
_ Hi{(\a) + bH? (\a) a7
T NaH} (M) —H! (Aa) +b[NaH} (\a) — H3 (Aa) ]
where
_ AMRH}(AR) —HJ(N\R)
H}(NR) —=NRH} (AR)
Hence, according to the slender-body approximation,
a2y a7y a%y
= 2 28% 18
I x{” gz T g, TP 312} {15
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Equation (18) substituted into Eq. (7), with x given by Eq.
(17), is the equation of motion for the system according to this
approximation. It was solved by Galerkin’s method, utilizing

N
n(E7)= Y, é,(E)elr (19)
r=1

with
¢, (£) =V2sin(rn§)

the normalized eigenfunctions of a pinned-pinned beam. The
dimensionless frequency w, which is generally complex, is
related to @ by

A+ mys
w=[”—EI—m} QL? (20)

A special computer program gives the eigenfrequencies w for
any given set of system parameters.

The eigenfrequencies of a typical system, according to a
two-comparison function approximation (N=2), are shown
in Fig. 2, plotted as an Argand diagram. It is noted that small
flow velocities damp free motions of the system (i.e.,
Im(w) >0), while the frequencies of oscillation, Re(w), are
diminished. For sufficiently high u, the first-mode frequency
vanishes, and one branch of its locus crosses to the negative
Im(w)-axis, indicating the onset of divergence (buckling) at
u=u, =2.33. At higher flow, the second mode is also subject
to divergence; then the loci of the two modes coalesce, and
one branch leaves the negative Im(w)-axis at a point where
Re(w) #0, indicating the onset of coupled-mode flutter at
u=u,=4.69. The dimensionless » and critical values of u are
little affected by compressibility, as may be noted by com-
paring the results for the two different Mach numbers shown,
M=0and M=0.9.§

The results for an incompressible fluid, as obtained, for
example, by the work of Ref. 3, are essentially the same (to
within three significant figures) as those for M=0 in the
figure above. Of course, they should be identical, as for \a—0
and AR—0, x in Eq. (17) simplifies to x =(R? +a?)/(R? —a?),
which is the value utilized in Ref. 3; nevertheless, the com-
parison above is useful in establishing the degree of precision
in the numerical evaluation of the Hankel functions.

Finally, the value of u, obtained here with N=2in Eq. (19)
cannot be hoped to be very precise. The reason for utilizing
N=21is for ease of comparison with results yet to be obtained,
where Galerkin solutions with more terms are rather difficult
to accommodate.

IV. Three-Dimensional Approximation

In the previous section, it was seen that the virtual mass of
the fluid was dependent on both frequency and flow velocity
[Egs. (16) and (17)]; yet it was independent of axial mode
shape in accordance with the slender-body approximation, the
virtual mass having been obtained by examining a slice of
fluid normal to the cylinder, and ¢’ in Eq. (10) being in-
dependent of x. Here an attempt will be made to remove this
restriction. Accordingly, the velocity potential still has the
form of Eq. (9); similarly, Egs. (11-14) still hold, but
¢’ =¢'(x,r,0,1), and is governed by the equation

’ 178 d\2
29— = (—+U—)¢'= 21
vié c? <6t+U6x)¢ 0 @D

§Throughout this paper, the high value of M=0.9 is used to
establish the degree of dependence on Mach number, although it is
realized that for such M, transonic effects, neglected here, may
become important.



1470 \ M. P. PAIDOUSSIS AND M. OSTOJA-STARZEWSKI

As before, harmonic time variation will be assumed so that
&' (x,1,0,t) =@’ (x,r,0)e™ (22a)
v(x, 1) =0(x)e™ (22b)

Considering next a combination of Gallilean and Lorentz
transformations

x'=x, r'=r(I-M?)"%, §'=6, t' =t+xM/[c(]1-M?)]
(23)
¢’ may be written in the form 12
¢’ (x,1',0,1) = e kM T(x,r" ) 4

where

Lo (e PT 2T sker=0 (s
ror’ \ ar’ r'? 9e? ax? - @3

" is a Helmholtz equation, and k, in reduced-frequency form, is
given by

(26)

Several attempts to solve the coupled problem in general, by
assuming arbitrary expressions for #(x), e.g., as in Eq. (19),
and equivalent forms for the x variation of 7, have not been
successful. Accordingly, an approximate solution will be
presented in which, for the purposes of determining the
aerodynamic forces, simple sinusoidal axial forms are
prescribed for both 6(x) and T(x,r’,8),] yet for the dynamical
analysis of the system, solutions of the form of Eq. (19) are
retained. Hence, taking

v(x,t) =sink x e

k,=nzw/L n=L2,... @27

and
T(x,r',0) =sink,xB(r’' )0 () (28)
and proceeding as'in the previous section, it is easily found

that ©(f)=cosf and that B(r') is governed by the Bessel
" equation

<8, L 4B (2 ! )B=0 29
dr’? rdr’ + n_r,2 - ( )

where
Na=[(ka)?— (k,a)?1" 30)

fcompare Eq. (16)]. Solution of Eq. (29) has exactly the same
form as in the previous section, except that the argument of
the Hankel functions is A, 7 instead of Ar. Similarly, f, may be
written in the same form as Eq. (18), with the dimensionless
virtual mass x= —B(a}/[aB’ (a)] given by Eq. (17), with A,
substituted for .

Calculations with this model, for the same system as in Fig.
2, give closely similar results, as shown in Fig. 3. Here
U, =234 and u,=4.70, for M=0 vis-a-vis 2.33 and 4.69
according to the slender-body approximation. Nevertheless,

{This is consistent with the assumption\that fluid perturbations and
cylinder motions should have the same axial waveform.
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Fig. 3 Argand diagram of the complex frequencies, w, of the lowest
two modes of the same pinned-pinned cylinder system as in Fig. 2.
Results obtained by the three-dimensional approximation of Sec. IV,
The points on the vertical lines inside the frame of the figure are points
on the Im(w) axis drawn in this manner for compactness.

Table1 Comparison of the results obtained by the methods of
Secs. III and IV, showing the effect of slenderness, ¢, for M=0

Method Uep w; U=2)
used in calculations e=20 e=5 e=20 e=5
Slender-body theory  2.33 2.19  4.72+0.068; 3.79+0.017i
of Sec. 111
3-D model of 2.34 237 4.81+0.069/ 5.01+0.020i
Sec. IV

the loci in the two cases are not identical, especially the point
on the Argand diagram associated with the onset of coupled-
mode flutter.

The similarity in the results obtained by the two methods is
easily explained upon examining Eq. (30) more closely.
Substituting the expressions for k and £, in it, and recalling

that e=L/(2a), one obtains

Qa\2 nw \) %
ne={(T)'-(50)] 6D
c 2e
It is, therefore, obvious that

Q
lim \,@= = =\a 32)
C

€0

retrieving exactly the slender-body approximation, which
strictly applies for large L/a.

Now, the results of Figs. 2 and 3 are for e =20 (L/a=40),
which does correspond to a slender cylinder. It would be of
interest to compare slender-body theory to this three-
dimensional (3-D) model for a less-than-slender cylinder; e.g.,
for e=5. The results are summarized in Table 1. It is seen that
the numerical values of both u,, and w; at u=2 diverge for
e=35, whereas they are quite close for e =20, showing that for
less-than-slender bodies the theory of Sec. III is not very
reliable. It is noted here that slender-body theory predicts a
decrease in u,, with decreasing e, reflecting the associated
reduction in flow-induced tension, which is proportional to
the third and fourth terms involving ec, in Eq. (7), yet
presuming constant aerodynamic forces per unit length. In
this 3-D model, however, it is seen from Eq. (31), that the
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Table 2 Effect of compressibility for slender and nonslender
cylinders, according to 3-D model of Sec. IV

Uep Wy (M = 2)
M e=20  e=5 €=20 e=5
0 2.34 2.37 4.81 +0.069i 5.01 +0.020i
0.9 2.33 2.23 4.72+0.068i 3.8440.016i

argument of the aerodynamic forces is reduced as e decreases,
and this evidently counterbalances the effect of reduction in
tension, resulting in a small net increase in .

It is worth stressing that if one wishes to compare the results
for different ¢, one should be constantly aware that in this
paper comparisons are made in terms of the dimensionless
flow velocities and frequencies, ¥ and w, rather than the
dimensional U and Q. Recalling that ueL and woeL?, it is
evident that for shorter cylinders both U and Q will be much
higher than for longer ones, irrespective of the relatively small
variations of # and w with e.

Next, it is of interest to examine the effect of com-
pressibility on the dynamics of the system and to compare the
results for slender and nonslender cylinders. The values of u,
and w, at u=2 are shown in Table 2. It is seen that the effect
of compressibility for nonslender bodies is considerably
stronger than for slender ones; for example, in terms of
critical flow velocities u,,, differences between M=0 and
M=0.9 are of the order of 6-7% for e=5, while they are less
than 1% for ¢ = 20; the effect on w is even more pronounced.
These effects may be understood once more by examining
Eqgs. (31) and (32).

All the foregoing pertain to bounded flow geometries.
Calculations were also made for a cylinder in unconfined
flow. For a system with the same parameters as those of Fig. 3
but 2=0, the behavior of the system was found to be similar,
but the critical flow velocities are much higher (1, =3.39,
u.,=7.04 for M=0). As before, the effect of compressibility
is very weak for slender cylinders.

Some further study of the problem was conducted where,
instead of a standing wave in Eqs. (27) and (28), of axial form
sink,x, a traveling wave solution was investigated. This will
be dealt with separately, however, in Sec. VI.

V. Integral Transform, Generalized-Force Approach

So far, the inviscid aerodynamic forces were derived in two
different but approximate ways: one is strictly a slender-body
approximation with its inherent limitations; the other involves
a 3-D formulation where the inviscid aerodynamic forces were
determined under the assumption of a prescribed single-mode
vibration of the cylinder in order to render the solutions
tractable. Generalization to .arbitrary spatial forms, by the
methods of Sec. IV at least, appears to render the problem
intractable.

Now, an implicit feature of this problem is the continuous
and time-dependent interaction of the flowfield on the one
hand, and the cylinder deformation field on the other. Hence,
it is natural to attempt a less-restricted derivation of the
aerodynamic forces—in the sense of their corresponding to
arbitrary spatial forms of cylinder deformation—by means of
the powerful integral transform techniques which are
especially well suited for such problems. Studies of this nature
were made by Dowell, who obtained expressions for the
generalized aerodynamic forces acting on a cylindrical shell in
subsonic or supersonic, internal and external flows, e.g., Ref.
8. In what follows, the formulation will proceed along similar
lines, noting nevertheless the added complication here of
outer containment of the flow.

Obviously, Eqs. (22) still hold; however, instead of Egs.
(24) and (28), the following forms are introduced

o’ (x,r,0,t) =y (x,r)cosfe™ (33)
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involving arbitrary spatial dependence y(x,r). This may be
written as an inverse Fourier transform,

1 r® .
v(x,r)=— S Y*(a,r)e " “de
21 J -
where « is the Fourier transform variable. Similarly, instead

of Eq. (27), let us write

v(x, 1) =0(x)e™
and

_ 1= A
v(x)= — S v*(a)e "**da 34

—

Transforming next the wave equation (21) into the Fourier
domain,

d2y*  Idyt 1, .
&z T TV er=0 3

is obtained, where it was assumed that

lim ¢(x,r)=0 and lim El—"[—/ﬂl=0

X+ £ 00 X— 0 dx

and where
p={a?—-[(Q-alU)/c]?}” or puL=[a’-M?(a—«)?2]*%

where @ =oal is the dimensionless Fourier transform variable,
and k=QL/Uis a new reduced frequency.
The full solution of Eq. (35) is given by

v (ury=c I, (pr) + K, (pr) (36)

where I; and K; are modified Bessel functions of the first and
second kind, respectively.

Substituting next Eq. (33) and Eq. (22b) into boundary
conditions (12) and (11) yields, after Fourier transformation,

A ar) |
"T rea —(IQ laU)U (a) (37)
and
dy* (o) _
dr r=R =0 (%)

Applying Eqgs. (37) and (38) to Eq. (36), one obtains

¥*(a,a) =i(x—a) (aU/L)F(a) * (&) (39

& _ 1 Ki(Rp),(ap) —I; (Rp)K, (ap)
ap Ij(ap)Kj(Rp) —K|(ap)I](Ry)

(40)

The next step involves the evaluation of the pressure per-
turbation amplitude. Here it is convenient to define the
Fourier transform in terms of the dimensionless & and
E=x/L**; thatis,

o

pran=t|" pEroends a0

**Analogous forms for Y *(&,r) and v*(&) may similarly be defined.
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Hence, the Bernoulli equation (13), under the assumption of
simple harmonic motion and after Fourier transformation,
becomes

p*(a,r0)=—p(iQ—ia)cosby* (a,r) 42)

Utilizing Eq. (39) and applying the inverse Fourier transform,
the pressure perturbation amplitude on an elementary area of
the surface of the cylinder is found to be

1 pU2
12

pl&ad) = [7 (-ar2F@ 0 (@coste-atda
@3)

Integrating this pressure over the circumference of the
cylinder yields the amplitude of the aerodynamic force F, for
an arbitrary deformation shape of the cylinder. It will be
assumed that this deformation is expressed in terms of
suitable comparison functions, ¥, (§), by

() = (E EA Yo (E) e (44)

Hence, after performing the integration over ¢ in Eq. (43), the
aerodynamic force is found to be

Fatem =oU? 2 eor [ (a2 (@)

x {LS: ’glAmwm(E)e‘dfds}e“&fda @s)

Noting that the integral in the brackets reduces to one from 0
to 1, as 0(¢) and y,,(£) are zero elsewhere, the dimensionless
aerodynamic force f, defined in Eq. (6), may be written as:

2 ®
faen =51 -a)F@
X { )i S;Amw,,, (S)e"‘ifd&}e‘if‘fdaem 46)

m=1

This together with Eq. (44) when substituted in Eq. (7) is used
to solve the problem by Galerkin’s method. In this con-
nection, the generalized forces are required and are given by

I -
0, = So Fon BV, ()dE  mr=123,... (@47

where F, , is the aerodynamic force amplitude due to a
deflecnom// (§); that is,

Fym(§)= ;—; S: (k—a)?F(a) U; tﬁ,,,(‘.;’)e"&fdg}e—"&fda

Finally, it is convenient to write the generalized forces in the
form

uZ -
Omr= 5= S F(a)G,, (a)da (48)
2%‘ — o0
where

1 1
G (@)= (@=0)? | U (O)eat( v, (re-20dE  (49)
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To evaluate Q. one has to calculate G, (&) first, which
presents no difficulties, especially for a cylinder with pinned
ends, where V¥, (§) = V2sinmwt. The integration over & in Eq.
(48) must be performed carefully, assessing first the existence
and location of poles in the integrand. Recalling Eq. (40),
separate consideration is given to u and to the remainder of
the denominator:

1) A computer method, based on quadratic fit with
deflation, 1*!4 was applied to find the roots of I;(ap)K;(Rp)
—~Kj(ap)[(Rp), establishing that its zeros lie off the Re(a)
axis.

2) In the case of p=[&?—M?(&—«)?]% /L, solving for &
in terms of p, one has &, ,=[—2«M? :t\/Z]/[2(1 -M?)],
where A=4[(uL)? —M*%k?]. Assuming a nonzero imaginary
part of the frequency, which is perfectly reasonable for the
problem at hand, substitution of a complex frequency into «
and thence into &, , shows that p =0 does not arise.

Hence, the mtegrand in Eq. (48) will never have poles on the
Re(&) axis; that is, normal integration along & may safely be
performed. Nevertheless, numerical solution of the problem is
not trivial, the difficulties arising from the intricate depen-
dence of Q,,, on the complex w. Kornecki, !* in his work on
stability of panels and shells, examined aeroelastic in-
stabilities on the basis of a qualitative analysis of the
generalized forces, and has categorized possible classes of
solution. Here, following Kornecki’s classification, three
types of analysis have been undertaken, relating to 1) static
stability in compressible steady flow; 2) dynamic stability in
incompressible unsteady flow; and 3) dynamic stability in
compressible unsteady flow. In class 1, the simplification
involves taking »=0 in the calculation of Q,,. and, hence, is
strictly valid only at the threshold of buckling, where w is
really zero. Class 2 is essentially a trivial case of 3, which is the
most general; the simplification in class 2 arises through
M =0, so that F(a@) of Eq. (40) is no longer a function of .
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Fig. 4 Argand diagrams of the complex frequencies, w, of the lowest
two modes of a pinned-pinned cylinder in a) bounded flow (8=0.1,
ecy=0.5, h=1.5), and b) in unconfined flow (8 =0.1, ec;=0.5, h=0),
with the dimensionless flow velocity, u, as parameter. Results ob-
tained by integral transform generalized-force approach of Sec. V,
where the generalized aerodynamic forces have been computed with
w=0. The points on the vertical lines inside the frame of the figure are
points on the Im(w) axis drawn in this manner for compactness.



NOVEMBER 1981 DYNAMICS OF FLEXIBLE CYLINDER IN SUBSONIC AXIAL FLOW » 1473
2l 27 T T — T T ] 42 T
34as ° 4 a)
im(w)
84 8 3
22t & . 2% + 8
7 __AF5 . 25
6
im(w) ¢ 35 b
5
#r @ 8 ol 0,325 225 2 | 0
o7 5 ' = ’
> 656 5 43
o> 32530 , Y 1
! T ! ! 2 25
2t =+ -
2 47r®
12k _32 | 3 oM=0
5 M=0.9
¢35 6 —_ -4® 4 . .‘
7 75 2 T
22 4 - 4
4
8 8 oM=0 Im(w)
2% 85 eM=09 | 22| 1
L . L L L . Values of u
0 12 22 32 4 52 6* 72
Re(w) | 2
Fig. 5 Argand diagram of the complex frequencies, w, of the lowest o OT t—
two modes of the pinned-pinned system of Fig. 4b in unconfined flow. 2
Results obtained by the integral transform generalized-force approach T
of Sec. V, where the generalized aerodynamic forces have been 2
computed in the most general way. The points on the vertical lines -2 T
inside the figure frame are points on the Im(w) axis drawn in this
manner for compactness,
-4? R
-42 -2 0

Typical results for class 1 solutions are shown in Fig. 4,
both for bounded and unconfined flow. Considering the
bounded flow case first, it is noted that the frequencies at
u=0 are slightly higher than the correct values (w, =%,
w,=4x?), as the solution here, by assuming w=0, renders the
aerodynamic forces identically zero at u=0; thus, the fluid
inertial effect is not taken into account, (This effect is not
negligible here, where 8=0.1; it would have been for a very
low density fluid, where 8 would be very small.) The behavior
of the system, as shown in Fig. 4a, is similar to that obtained
by the other methods except that the eigenfrequencies are
slightly higher—an effect disappearing as w approaches zero.
Buckling of the first mode occurs at ], =2.45 for M=0 and
ul, =2.39 for M=0.9. Buckling of the second mode occurs at
u2,=4.98 for M=0 and 4.79 for M=0.9. However, flutter
never arises in this approximation, precisely because the
aerodynamic forces are determined with w=0. It is stressed
once more that this class of solution is strictly valid only for
u=u,, where, by definition, w=0. It is noted, nevertheless,
that the values of u, obtained here are somewhat higher than
those obtained previously.

The results of Fig. 4b are quite similar, but the dimen-
sionless critical flow velocities and frequencies are higher.
Thus, here #}, =3.54 for M=0and u/, =3.44 for M=0.9

Class 2 and 3 results for the unconfined system are shown in
Fig. 5. The frequency-velocity characteristics obtained for the
incompressible case—class 2—are within 5% of those ob-
tained by either the slender-body approximation or the three-
dimensional model of Sec. IV. This discrepancy in the results
is thought to be due to numerical errors, inherent in any in-
tegration scheme (here a two-point Gauss scheme) employed
in the evaluation of the generalized forces Q,,,,.

In class 3 solutions, also shown in Fig. 5 for M=0.9, the
full dependence of Q,,. on the frequency w at any.given u is
retained. This renders the characteristic equation of the
system a highly transcendental equation. Numerical solutions
were obtained by a quadratic fit root-seeking procedure. It
should be mentioned that in certain cases numerical con-
vergence to the required eigenfrequencies was difficult to
achieve, and necessitated both care and the expenditure of
considerable computational time. In Sec. VII, these results are
compared to those of Sec. I'V.

2 4

Re{w)
Fig. 6 Argand diagrams of the complex frequencies, w, of the lowest
mode of a laterally unconstrained infinitely long flexible cylinder in
bounded axial flow, demonstrating the propagation characteristics of
flexural waves, for solutions of the form a) y(§, 7) = exp(iwr + iw£) and
b) (€, 7) = expliwr — in§). System parameters: 8=0.1,¢, =0, A=1.5.

V1. Some Comments on Wave Propagation
In this study, it was considered of interest to examine the
propagation of flexural waves in the cylinder. For this pur-
pose, the flexible cylinder is considered to be infinitely long
and free of all lateral constraints, so that

v(x,t) =exkolt (50)

Nevertheless, for ease of qualitative comparison to the results
presented heretofore, the wavelength is fixed to correspond to
an eigenfunction of a pinned-pinned cylinder of length L, so
that

k,=nx/L n=123, ... 62))
Similarly, instead of the form of Egs. (22) and (28), the
velocity potential ¢’ should now be written as

b’ =eikMrg ik B(r1)Q(0)e'™ (52)

which perfectly satisfies field equation (21).
Proceeding as in Sec. IV, it is found that

F,= A< 9 +U 9 )Zv
ATXP at dax
where x is as in Eq. (17), but with the argument of the Hankel
functions given by Eq. (30) (see the discussion following that
equation).

To render the results to be obtained as clear as possible, and
also because exact solutions are then possible, all dissipative
forces are put to zero. Hence, substituting the above in
dimensionless form into Eq. (7) yields

kE+xu?kd + 2% xuws, — [1—B(1+x) Jw? =0 (53)
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where x,=Lk,=n=, and where it is recalled that x is a
function of w. For given # and M, this equation was solved by
a method of quadratic fit in complex arithmetic. 1314

Typical solutions, in Argand-diagram form with u as
parameter, are shown in Figs. 6a and 6b, corresponding to
solutions #(%,7) =exp(iwr+ik,§). and exp(iwT—ik,§),
respectively, with «,, =w. Both positive and negative branches
of the solution, w* and w—, are shown in each case. It is
noted that, since all coefficients of Eq. (53) are real, the w’s
may be either wholly real or in complex conjugate pairs.

Considering Fig. 6a first, where the waves have been
presumed to travel upstream, it is seen that the solution gives
both upstream-traveling waves (w *+ branch) and downstream-
traveling waves (w~ branch). The latter generally have a
lower phase velocity, and only at u=0 are the two equal, so
that an apparently standing wave could then be obtained if
both waves are present.

Mathematically, the general solution may be written as:

n(&,7) =Aexp(iw* 7+ik,E) +A,exp(iw ~7+ik,E) (54)

Writing w ™ = —&; and w* =a,, let us consider interfering
forward and backward waves of equal amplitude and
wavenumber k, ==. In this case, Eq. (54) may be written in
the form

(&, 7y =2cos[ V2 (@, +@,)7]explint +ite (@, —a@,)7] (55)

This is a wave traveling with frequency Y2(@,—&;), with
amplitude modulated at a frequency Y:(®,+a,;). Since
@, —&; <0 always (Fig. 6a), the waveform travels down-
stream.

It is noted that for u=2.17, @, vanishes and there exists
only a downstream-traveling wave

n(&,7) =2cosViw; 7 exp (i€ —ilbw,T)

For u>2.17, w, itself becomes negative, so that waves can no
longer propagate upstream, but we have two kinds of waves
both traveling downstream, with different phase velocities.
(Of course, all this applies only to waves of wavenumber ;
waves of wavenumber 27, etc., may still propagate upstream
until higher cutoff flow velocities are reached.) For higher
flow still, u=2.41, @, and &, become equal, the loci of w~
and w* coalesce and bifurcate, the «w’s becoming complex
conjugate, as shown in Fig. 6a. This signifies that for # higher
than u=2.41 waves become amplified, which is directly
equivalent to an instability threshold.

Considering Fig. 6b next, it is noted that it is the mirror
image of Fig. 6a. Since w* now corresponds to a down-
stream-traveling wave and w ~ to one traveling upstream, it is
evident that exactly the same information is contained in
either of the two figures.

The interested reader is referred to the work of Dugundji et
al. !¢ on subsonic flutter of panels. By comparing the behavior
of finite and infinitely long panels, in terms of standing- and
traveling-wave analysis, respectively, the authors obtained
very interesting results, some bearing remarkable similarity to
those discussed here.

VII. Discussion and Conclusion

This paper has dealt with the dynamics of a flexible cylinder
in axial, generally bounded, compressible flow. Its principal
aim was to establish the effect of compressibility on the
dynamical behavior of the system and, especially, on its
stability.

Three distinct methods have been pursued for the for-
mulation of the inviscid hydrodynamic forces (which govern
the dynamical behavior of the system): a slender-body ap-
proximation, a three-dimensional, approximate-differential
method, and an integral transform approach which yields the
generalized aerodynamic forces directly. The results obtained

AJAA JOURNAL

by all methods, in terms of system eigenfrequencies and
critical flow velocities for instability, are qualitatively similar;
quantitative differences do exist, as might be expected, partly
because of the different physical assumptions and ap-
proximations made, and partly because of the numerical
schemes adopted in the solution procedures.

The most general and precise analysis presented is that of
the integral transform method of Sec. V. Unfortunately, it is
also the most complex and most difficult and expensive to
apply numerically. Accordingly, unless one requires high
precision, one of the other two methods could be used to
advantage; for slender cylinders, the slender-body ap-
proximation is sufficiently accurate, while for less-than-
slender cylinders, the three-dimensional model of Sec. IV may
be good enough. As an example, consider the results of Fig. 5
for M =0.9; the integral transform method yields w; =7.944
+0.0685; for u=2 and 4.725+0.122i for u=3, vis-a-vis
7.869 +0.0643i and 4.405 +0.115/ by the method of Sec. IV,
which differ by less than 7%.

In Sec. IV, the effect of slenderness on the dynamical
characteristics of the system was discussed briefly, and the
inadequacy of slender-body theory for nonslender bodies was
made clear. This aspect of the dynamics of the system, even in
incompressible flow, has not been examined in any of the
previous studies, to the best of the authors’ knowledge.
(Similar discussion relating to the effect of slenderness on the
dynamics of cylindrical shells subjected to axial flow may be
found in Refs. 8, 17, and 18.) )

The effect of compressibility on the dynamics of the system
has been shown to be rather weak for slender cylinders.
Perhaps this could have been qualitatively predicted on
physical grounds. Nevertheless, the quantitative differences
between Mach numbers M =0 and M =0.9 were found to be
truly surprisingly small; they are obviously too small to ac-
count for the differences in behavior of slender cylinders in
incompressible single-phase flow and in compressible two-
phase flow discussed in the Introduction. For nonslender
cylinders, however, the effect of compressibility becomes
more significant, as discussed in Sec. IV. The effect of in-
creased confinement, on the other hand, although severely
destabilizing the system, leads to no significant enhancement
of the effect of compressibility.

Some very interesting results were obtained relating to
flexural wave propagation in infinitely long cylinders sub-
jected to axial flow. It was found that for sufficiently high
flow velocity, waves of a given wavelength cannot propagate
upstream. Moreover, there exists a threshold flow velocity,
beyond which the downstream-propagating waves become
amplified, an analogous phenomenon to. the flow-induced
instabilities obtained for cylinders of finite length. This topic
deserves further study.

It should be stressed that the numerical results presented
throughout this paper were obtained on the basis of a two-
mode Galerkin approximation; accordingly, the second-mode
eigenfrequencies are not very precise. This was done for
expediency in order to reduce the computational expense,
especially for the integral transform method. Further in-
formation on this and most other aspects of this work may be
found in Ref. 19.
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